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NUMERICAL SOLUTION OF A BOUNDARY VALUE PROBLEM FOR
A SECOND ORDER FUZZY DIFFERENTIAL EQUATION*
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Abstract. Two-point boundary value problem is considered for a second order fuzzy differ-

ential equation. This problem is reformulated to four different system of crisp boundary value

problems, when fuzzy derivative is considered as a generalization of the H- derivative [1]. So, this

problem has four different solutions. Numerical solution of each system is obtained by applying

the shooting method. Numerical examples to illustrate the method are presented.

Keywords: boundary value problem, second order fuzzy differential equations, generalized dif-

ferentiability, Shooting method.

AMS Subject Classification: 30E25.

1. Introduction

In many models of physical processes some quantities, for example, boundary values can be
uncertain and they are modeled by fuzzy numbers or fuzzy functions. Then the solution of
model can be fuzzy function and if the equation of the model has differentials, then we deal with
boundary value for fuzzy differential equations (FDEs).

Different approaches are used for solving fuzzy differential equations. The first approach is
based on Zadeh’s extension principle [32]. In this approach the associated crisp problem is solved
and in the obtained solution the boundary values are substituted instead of the real constant.
The second approach the problem is solved by writing in the form of a family of differential
inclusion [1, 10, 12, 13, 15, 16, 25, 27].

In the third approach it is assumed that the derivatives in the equation are generalized in H-
derivative [29] form or in stronlgy generalized H-derivative form [31].

But its known that the approach used H-derivative has the drawback that it leads to solution
which have increasing length of their support [6, 23]. To resolve these diffucilties authors in
[31] introduced the concept of generalized differentiability. First order FDEs under strongly
generalized derivatives are considered in [5]. In [28] the Euler method was applied for solving
initial value problem for FDEs. The authors in [2, 14] develop four-stage order Runge-Kutta
methods for FDEs. Numerical methods such as Adams and Nystörm methods and predictor-
corrector methods for solving FDEs presented in [3, 20, 21]. Numerical method for a boundary
value problem for a linear second order FDEs was considered in [8]. In [18] a boundary value
problem for FDEs by using a generalized differentiability was considered and new a new concept
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of solutions was presented. In this paper, we propose a numerical algorithm for finding the
solutions for boundary value problem for second order FDEs in the form

y′′(t) = G(t, y(t), y′(t)), y(0) = γ, y(l) = λ, (1)

where tε[0, l), γ and λ with [γ]α = [γ
α
, γα] and [λ]α = [λα, λα] are fuzzy numbers. The paper

is organized as follow. In Section 2, we present the basic defination and useful theoretical
information. Boundary value problem for second-order FDEs under generalized differentiability,
we study in Section 3. Numerical algorithm for solving considered problem problem is introduced
in Section 4 and in Section 5 we present some examples of numerical solutions to illustrate our
algorithm.

2. Preliminaries

We give some definitions and introduce the necessary notation which will be used this article.
A fuzzy number is mapping u : R → [0, 1] with the following properties:

1) u is normal, that is there exists an x0εR such that u(x0) = 1.
2) u is fuzzy set convex, that is for x, yεR and 0 < λ ≤ 1:

u(λx + (1− λ)y) ≥ min{u(x), u(y)}. (2)

3) u is upper semi-continuous on R.
4) the closure of {xεR|u(x) > 0} is compact.
Then E is called the space of fuzzy numbers.
For each αε(0, 1] the α-level set [u]α of a fuzzy set u is the subset of points xεR with

[u]α = xεR : u(x) ≥ α. (3)

It is clear that α-level set of u is an [uα, uα],where u and u are called lower and upper branch of
u respectively.for uεE we define the length of u as:

len(u) = sup
α

(uα − uα) (4)

A fuzzy number in parametric form is presented by an ordered pair of functions (uα, uα),
0 ≤ α ≤ 1,satisfying the following properties

(1) uα is a bounded nondecreasing left-continuous function of α over (0, 1] and right con-
tinuous for α = 0.

(2) uα is a bounded nonincreasing left-continuous function on (0, 1] and right continuous for
α = 0.

(3) uα ≤ uα, 0 ≤ α ≤ 1.
The metric on E is defined by the equation

D(u, v) = sup
0≤α≤1

dH([u]α, [v]α),

where,
dH([u]α, [v]α) = max{|uα − vα|, |uα − vα|}

is a Hausdorff distance of two interval [u]α and [v]α. Let u and v be two fuzzy sets. If there
exists a fuzzy set w such that u = v+w,then w is called the H -difference of u and v and denoted
by uª v.

(H differentiability or Hukuhara differentiability) Let I = (0, l) and f : I → F is a fuzzy
function. We say that f is differentiable at t0 ∈ I if there exists an element f ′(t0) ∈ F such that
the limits

lim
h→0+

f(t0 + h)− f(t0)
h

= lim
h→0+

f(t0)− f(t0 − h)
h

(5)
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exists and are equal to f ′(t0). Here the limits are taken in the metric space (F , D). Let f : I → F
a fuzzy mapping.

• f is (1) differentiable at t0 if there exists an element f ′(t0)εF such that the limits

lim
h→0+

f(t0 + h)− f(t0)
h

= lim
h→0+

f(t0)− f(t0 − h)
h

(6)

exists and are equal to F ′(t0).
• f is (2) differentiable at t0 if there exists an element f ′(t0)εF such that the limits

lim
h→0−

f(t0 + h)− f(t0)
h

= lim
h→0−

f(t0)− f(t0 − h)
h

(7)

exists and are equal to f ′(t0).

It is obviously that Hukuhara differentiable function has increasing length of support. If the
function doesn’t has this properties then this function is not H-differentiable. To avoid this
difficulty the authors in [31] introduced a more general definition of derivative for fuzzy number
valued function in the following form:

Let f : I → F be fuzzy function, where [f(t)]α = [f
α
, fα], for each α ∈ [0, 1]. Then,

1) If f is (1) differentiable in the first form, then f
α

and fα are differentiable functions and

[D1
1f(t)]α = [f ′

α
, f
′
α].

2) If f is (2)-differentiable, then f
α

and fα are differentiable and [D1
2f(t)]α = [f ′α, f ′

α
].

Now let fuzzy function f is (1) or (2) differentiable, then the first derivative D1
1 for D1

2f

might be (n)-differentiable (n = 1, 2) and there are four possibilities D1
1(D

1
1f(t)), D1

2(D
1
1f(t)),

D1
1(D

1
2f(t)) and D1

2(D
1
2f(t)). The second derivatives D1

n(D1
mf(t)) are denoted by D2

n,mf(t)
for n,m = 1, 2. Similar to Theorem 2.1, in [19] authors get following results for the second
derivatives.

([19]) Let D1
1f : I → F or D1

2f : I → F be fuzzy functions, where [f(t)]α = [fα(t), fα(t)] for
∀α ∈ [0, 1]. Then, 1) If D1

1f is (1) differentiable, then f ′
α

and f
′
α are differentiable functions and

[D2
1,1f(t)]α = [f ′′

α
, f
′′
α].

2) If D1
1f is (2) differentiable, then f ′

α
and f

′
α are differentiable functions and [D2

1,2f(t)]α =

= [f ′′α, f ′′
α
].

3) If D1
2f is (2) differentiable, then f ′

α
and f

′
α are differentiable functions and [D2

2,1f(t)]α =

= [f ′′α, f ′′
α
].

4) If D1
2f is (2) differentiable, then f ′

α
and f

′
α are differentiable functions and [D2

2,2f(t)]α =

= [f ′′
α
, f
′′
α].

Proof. (see [19]).

3. Fuzzy boundary value problem (FBVP)

There are four different system, which are denoted as (m,n) (m,n = 1, 2) to the system (1)
(1, 1)-system 




y′′
α
(t) = F (t, y

α
(t), y′

α
(t))

y′′α(t) = F (t, yα(t), y′α(t))
y

α
(0) = γ

α
, yα(0) = γα

y
α
(`) = λα, yα(`) = λα,

(8)
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(1, 2)-system




y′′α(t) = F (t, y
α
(t), y′

α
(t))

y′′
α
(t) = F (t, yα(t), y′α(t))

y
α
(0) = γ

α
, yα(0) = γα

y
α
(`) = λα, yα(`) = λα,

(9)

(2, 1)-system




y′′α(t) = F (t, y
α
(t), y′α(t))

y′′
α
(t) = F (t, yα(t), y′

α
(t))

y
α
(0) = γ

α
, yα(0) = γα

y
α
(`) = λα, yα(`) = λα,

(10)

(2, 2)-system




y′′α(t) = F (t, yα(t), y′
α
(t))

y′′
α
(t) = F (t, y

α
(t), y′α(t))

y
α
(0) = γ

α
, yα(0) = γα

y
α
(`) = λα, yα(`) = λα.

(11)

We choose the type of solution and translate problem (1) to the corresponding system of bound-
ary value problem. We can construct solution of the fuzzy boundary value problem (1).

4. Algorithm of numerical solution

In general eq. (8)− (11) can be written as follows:




y′′
α
(t) = H(t, yα(t), y

α
(t), y′α(t), y′

α
(t))

y′′α(t) = H(t, yα(t), y
α
(t), y′α(t), y′

α
(t))

y
α
(0) = γ

α
, yα(0) = γα

y
α
(`) = λα, yα(`) = λα.

(12)

We denote z = y , x = y and eq.(12) equation can be reformulated as follows:





x′′ = H(t, z, x, z′, x′)
z′′ = H(t, z, x, z′, x′)
x(0) = γ

α
, z(0) = γα

x(l) = λα, z(l) = λα.

(13)

For solving the system eq.(13) we apply Gauss iteration method





x′′s+1 = H(t, zs, xs, z′s, x′s)
z′′s+1 = H(t, zs, xs+1, z′s, x′s+1)
z(0)s+1 = γ

α
, zs+1(l) = λα

xs+1(0) = γ
α
, xs+1(l) = λα.

(14)

Equations in eq.(14) at iteration step is solved by using Shooting method.
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4.1. Solution Algorithm. Based on the arguments above, we propose the following algorithm
to solve the problem (1) :

1. Enter problem data: Value of accuracy, ε boundary values; Set iteration counter s = 0.

2. Form the initial conditions; x0, z0;

3. Form the boundary conditions;xs+1(0), xs+1(l), zs+1(0), zs+1(l);

4. Solve the first equation of (14) CALL Shooting Method;

5. Solve the second equation of (14) CALL Shooting Method;

6. Test Converge
If ‖ xs+1 − xs ‖< ε AND ‖ zs+1 − zs ‖< ε.

THEN STOP

ELSE s = s + 1 ; go to 4.

5. Numerical examples

Example: In this paper we consider fuzzy boundary value problem (FBVP): Solve the FBVP:




y′′ = y′ + 3y + f(t)
y(0, α) = [29(α− 1), 2

9(1− α)]
y(1, α) = [29(α− 1), 2

9(1− α)]
(15)

then solution of (1, 1)− system are

{
y(t, α) = [19(9t2 − 9t + 2)](1− α),
y(t, α) = [19(9t2 − 9t + 2)](α− 1).

(16)

For (1, 1)− system the lower and upper solution of f(t, α) are as follows
{

f(t, α) = (1− α)(3− 2t)− 1/3(9t2 − 9t + 2)(1− α)
f(t, α) = (α− 1)(3− 2t)− 1/3(9t2 − 9t + 2)(α− 1)

(17)

In Fig.5.1 the results of numerical solution and exact solution are presented. It is seen that
there is a uniformly good approximation to exact solution. We see y(t; α) and y(t; α) represent
a valid fuzzy number when 9t2 − 9t + 2 ≥ 0, that is for t ≤ 1

3 and t ≥ 2
3 . For t ≤ 1

3 we have
(2, 2) solution, for t ≥ 2

3 we have (1, 1) solution and this function is shown unvalid part on this
interval [0.343, 0.657].

For (1, 2) solution, by solving (1, 2) system applying the presented numerical algorithm we
get the results that illustrated in Fig.5.2. For t ≤ 0.434, we have (1, 2) solution, for t ≥ 0.444,
we have (2, 1) solution and t ≥ 0.99, we have (2, 2) solution. Since we solve (1, 2) system then
the solution for this problem is on [0.02, 0.434].

For (2, 1) solution, by solving (2, 1) system we get the results presented in Fig.5.3. For
t ≥ 0.535, we have (2, 1) solution and t ≤ 0.525, we have (1, 2) solution. However (2, 2)-solution
does not exist. Because of solving (2, 1) system then the solution for this problem is on [0.525, 1].
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If we consider this problem under generalized differentiability, (2, 2)-system gives the same
solution for (1, 1) solution (solution under the Hukuhara differentiability). we get the results
that illustrated in Fig.5.4. For t ≥ 0.596, we have (1, 1) solution, for t ≤ 0.273, we have (2, 2)
solution and this function is shown unvalid part on this interval [0.283, 0.586].

Figure 1. The graph of (1, 1)-solution and (2, 2)-solution: (1, 1)-solution (dash), (2, 2)-solution (dot), unvalid

part (solid).

Figure 2. The graph of (1, 2)-solution and (2, 1)-solution: (1, 2)-solution (solid), (2, 1)-solution (dot), (2, 2)

solution (dash).

Figure 3. The graph of (2, 1)-solution and (1, 2)-solution: (1, 2)-solution (solid), (2, 1)-solution (dot).

Figure 4. The graph of (2, 2)-solution and (1, 1)-solution: (2, 2)-solution (dot), (1, 1)-solution (dash),unvalid part

(solid).
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6. Conclusion

In this paper, there are four different solutions for two-point FBVPs when the fuzzy derivative
is regarded as a lateral type of H-derivative. The proposed method was tested on a test example,
and has been effective. This method can also be used to solve nonlinear problems with known
results on the existence and uniqueness of solutions. This will be the subject of our future work.

References

[1] Abbasbandy, S., Allahviranloo, T., (2004), Numerical solution of fuzzy differential equation by Runge–Kutta

method, Nonlinear Studies, 11(1), pp.117-129.

[2] Allahviranloo, T., Ahmadi, N., Ahmadi, E., (2007), Numerical solution of fuzzy differential equations by

predictor–corrector method, Inform Sci, 177, pp.1633-1647.

[3] Allahviranloo, T., Khalilpour, (2011), K., A numerical method for two-point fuzzy boundary value problems,

World Applied Sciences Journal, 13(10), pp.2137-2147.

[4] Bede, B., Gal, S.G., (2004), Almost periodic fuzzy-number-valued functions, Fuzzy Sets and Systems, 147,

pp.385-403.

[5] Bede, B., Rudas, I.J., Bencsik, A.L., (2007), First order linear fuzzy differential equations under generalized

differentiability, Information Science, 177, pp.1648–1662.

[6] Bede, B., (2006), A note on two-point boundary value problems associated with non-linear fuzzy differential

equations, Fuzzy Sets and Systems, 157, pp.986-989.

[7] Buckley, J.J., Feuring T., (2000), Fuzzy differential equations, Fuzzy Sets and Systems, 110, pp.43-54.

[8] Chalco-Cano, Y., Roman Flores, H., (2008), On new solution of fuzzy differential equations, Chaos, Solutions

& Fractals, 38, pp.112-119.

[9] Chen, M., Fu, Y., Xue, X., Wu, C., (2008), Two-point boundary value problems of un damped uncertain

dynamical systems, Fuzzy Sets and Systems, 159, pp.2077-2089.

[10] Chen, M., Li, D., Xue,X., (2011), Periodic problems of first order uncertain dynamical systems, Fuzzy Sets

and Systems, 162, pp.67-78.

[11] Diamond, P., Kloeden, P., (1994), Metric Spaces of Fuzzy Sets, World Scientific, Singapore.

[12] Diamond, P., Watson, P., (2000), Regularity of solution sets for differential inclusions quasi-concave in a

parameter, Applied Mathematics Letters, 13, pp.31-35.

[13] Diamond, P., (2000), Stability and periodicity in fuzzy differential equations, IEEET ransactions on Fuzzy

Systems,8, pp.583-590.

[14] Friedman, M., Ma. M., Kandel, A., (1999), Numerical solution of fuzzy differential and integral equations,

Fuzzy Set Systems, 106, pp.35-48.

[15] James J. Buckleya, Thomas F., (2000), Fuzzy differential equations, Fuzzy Sets and Systems, 110, pp.43-54.

[16] Kaleva, O., (1987), Fuzzy differential equations, Fuzzy Sets and Systems, 24, pp.301-317.

[17] Kaleva, O., (2006), A note on fuzzy differential equations, Nonlinear Analysis, 64, pp.895-900.

[18] Khastan, A. Nieto, J.J., (2011), Lopez R.R., Variation of constant formula for first order fuzzy differential

equations, Fuzzy Sets and Systems, 177(1), pp.20-33.

[19] Khastan, A., Bahrami, F., Ivaz, K., (2009), New results on multiple solutions for Nth-order fuzzy differential

equations under generalized differentiability, Boundary Value Problems, 13p, Article ID 395714.

[20] Khastan, A., Ivaz, K., (2009), Numerical solution of fuzzy differential equations by Nyström method, Chaos,

Solitons and Fractals, 41, pp.859-868.

[21] Khastan, A., Nieto, J.J., (2010), A boundary value problem for second order fuzzy differential equations,

Nonlinear Anal., 72, pp.3583-3593.

[22] Lan, H.Y., Nieto, J.J., (2009), On initial value problems for first-order implicit impulsive fuzzy differential

equations, Dynamics Systems and Applications, 18, pp.677-686.

[23] Liu, H.K., (2010), On second order fuzzy initial value problems, National Taipei University of Eduction.

[24] Liu, H.K., (2011), Comparison results of two-point fuzzy boundary value problems, World Academy of

Science, Engineering and Technology, 51.

[25] Ma, M., Friedman, M., Kandel, A., (1999), Numerical solutions of fuzzy differential equations, Fuzzy Sets

and Systems, 105, pp.133-138.

[26] Nieto, J.J., Khastan, A. and Ivaz, K., (2009), Numerical solution of fuzzy differential equations under gen-

eralized differentiability, Nonlinear Analysis: Hybrid Systems, 3, pp.700-707.



176 TWMS J. PURE APPL. MATH., V.4, N.2, 2013

[27] O’Regan, D., Lakshmikantham, V., Nieto, J., (2003), Initial and boundary value problems for fuzzy differ-

ential equations, Nonlinear Analysis, 54, pp.405-415.

[28] Palligkinis, S.Ch., (2009), Papageorgiou, G., Famelis, I.Th., Runge–Kutta methods for fuzzy differential

equations, Applied Mathematics and Computation, 209, pp.97-105.

[29] Puri, M.L. and Ralescu, D.A., (1983), Differentials of fuzzy functions, Journal of Mathematical Analysis and

Applications 91, pp.552-558.

[30] Seikkala, S.,(1987), On the fuzzy initial value problem, Fuzzy Sets and Systems, 24, pp.319-330.

[31] Stefanini, L., Bede, B.,(2009), Generalized Hukuhara differentiability of interval-valued functions and interval

differential equations, Nonlinear Analysis: Theory, Methods & Applications, 71, pp.1311-1328.

[32] Zadeh, L.A., (1975), The concept of a linguistic variable and its applications in approximate reasoning,

Inform. Sci., 8, pp.199-251.

Afet Golayoglu Fatullayev was born in Gece-

gozlu, Fizuli, Azerbaijan, in 1962. He got his

B.Sc. and Ph.D. degrees in Applied Mathematics

from Lomonosov Moscow State University. His

research interests include computational methods

and algorithms for inverse problems, low temper-

ature plasma physics, finite difference methods

for PDEs. A.G. Fatullayev is a Professor of Ap-

plied Mathematics at Baskent University, Ankara,

Turkey.

Emine Can received her Ph.D. degree in Physics

from Yildiz Technical University, Turkey, in 2000.

Her research interests include the areas of mathe-

matical modelling, numerical methods for inverse

problems, fuzzy set and systems and finite diffe-

rence methods for PDES. E. Can is an Associate

Professor of Mathematical Physics at Kocaeli Uni-

versity, Kocaeli, Turkey.
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